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Abstract" Interstellar matter consisting of gas and du~t
shows structures which appear to have self-similar
projected shapes similar to the properties of terrestrial
clouds. Moreover, the completely different physics in these interstellar clouds reveals
several additional self-similar[fractal aspects which are investigated by extensive
astronomical observations, aiming especially at a better understanding of the processes
of star formation which take place in interstellar molecular cloud&

1. INTRODUCTION
Only a short time after the fractal concept had been established by Mandelbrot
(1982), it was applied to the shape of terrestrial clouds (Lovejoy, 1982; Hentschel
and Procaccia, 1984; Rys and Waldvogel, 186). Based on the apparent similarity
between terrestrial and interstellar clouds (ICs) of gas and dust (the naming
’clouds’ not being accidental), subsequent work applied the concept to ICs (Beech,
1987; Basell and D~sert, 1988; Dickman et aL, 1990; Scalo, 1990; Wakker, 1990;
Vogelaar et al., 1991; Falgarone et al., 1991; Zimmermann and Stutzki, 1992;
Hetem and L~pine, 1993). Understanding the structure of interstellar molecular
clouds (IMCs) and its possible links to turbulence (e.g. Falgarone and Phillips,
1990) is crucial for understanding IMC evolution and star formation. As stars
(range of masses: 0.1-30M(~)) form out of IMCs (10-106M ~), the structure of clouds
and the cloud mass spectrum are likely to be closely linked to such fundamental
quantities as the star formation rate and efficiency and the stellar initial mass
distribution (Larson, 1992; Stutzki, 1992; Lada et al., 1993).
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Our investigations are based on an extended data set covering many size scales, as is
necessaq~ to extract fractal and hierarchical properties of ICs. This includes data
from the most extended carbon monoxide (CO) maps of IMCs, covering 100 pc size
structures, down to observatious of the closest molecular cloud L1457 at 65 pc dis-
tance, which provides the smallest scales at 0.005 pc resolution (chap. 2). The self-
similar 2-dimensional projected shapes of IMCs suggest a possible self-similarity in
the 3-dimensional structure. This is stressed by the internal velocity distribution of
IMCs which can be measured along the line of sight (chap. 3). In addition IMCs
show scaling and power-law relations in their mass distribution and excitation con-
ditions, which can be regarded as another aspect of the fractal structure of IMCs
(chap. 4). Since the limitation to only 2-dimensional projections is a crucial point
in all astronomical observations, we model 3-dimensional distributions of IMCs by
fractaFaierarchical subdivision and compare their projections to observations by a
box-counting method, which in addition yields an independent characterisation of
IMC structure (chap. 5). Summarizing our results we find the fractal structure of
IMCs being reflected in several more aspects than just in their projected shapes,
which, regarded as a whole, might be crucial to understanding the inner structure of
IMCs and the physical processes leading to coagulation and star formation
(chap. 6).

2. OBSERVATIONS OF INTERSTELLAR MOLECULAR CLOUDS
ON DIFFERENT SIZE SCALES
Star formation occurs in IMCs which constitute the densest regions of interstellar
matter (composition: 1% dust, 99 % gas; the latter: 50 % molecular, 50 %
atomic/ionized gas) (e.g., see reviews [18,19]). Although the general processes gov-
erning star formation are understood, the details still remain unclear. Observations
of molecular gas spectral line emission not only trace the overall projected spatial
distribution of IMCs in our and in other galaxies, but also yield information about
the velocity distribution (along the line of sight) by the Doppler-relation, and the
excitation conditions (temperature, density, chemical abundances) by observing
different molecular species and lsotopomers in their lowest rotational transitions
(e.g., see Winnewisser et al., 1992). During the last decade the second most abun-
dant interstellar molecule, carbon monoxide (CO), and its isotopomers have
proven to be the most important trace molecules.
Observations of molecular clouds are carried out with millimeter- and submillime-
ter- radiotelescopes which limit the highest possible angular resolution ¯ by diffrac-
tion to ¯ a X/D where D is the main reflector diameter and k the wavelength.
Although in principle one can mimic the low angular resolution of a small tele-
scope with a large one, this is not possible ad infinitum in practice due to the lim-
ited stability of the integration and the data transfer time needed. Thus the resolu-
tion, i.e., telescope and wavelength used for observations, has to be appropriate
with respect to the extent of the region to be mapped. We started our investigations
with the Taurns-Persens-Auriga region (Fig. 1.a), containing some of the nearest
IMCs, which has been mapped by Ungerechts and Thaddeus (1987) as part of the
whole Milky Way CO survey (Dame et al., 1987). For more detailed observations
we chose at the edge of the Taurus region the closest known IMC, L1457, (distance:
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Figure I: CO surveys of (a) Taurus (Ungerechts and Thaddeus, 1987), (b) L1457 (Zimmermann and
Ungerechts, 1990), ( ) L1457 core (Zimmermann, 1993), showing the self-similarity in the projected

shapes of IMCs over a wide range of scales (from 4 pc down to 0.005 pc spatial resolution).
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65 pc) (Figs. 1.b, 1.c) which is particularly well suited for studying IMC structures
and dynamics down to very small linear scales. During the last years we mapped
L1457 with successive higher resolutions in different isotopomers and transitions
of CO (Zimmermann and Ungcrechts, 1990; 7.immcrmann et al., 1992;
Zimmermann, 1993) to get a more complete picture of molecular gas over a wide
range of size scales (spatial resolution: Taurus region:    4 - 0.6 pc, L1457:
0.08 - 0.02 pc, L1457 core: 0.005 pc).

3. SELF-SIMILARITY OF SPATIAL AND VELOCITY
DISTRIBUTION
A first indication of ICs’ self-similarity was found in the projected shapes of ICs,
i.e., by log(P)-log(A) plots (P: perimeter, A: area) of iso-column density contours
from different data sets (visible extinction maps (Beech, 1987; Hetem and I~pine,
1993), IRAS (Beichmann et al., 1985) survey (Bazell and D~ert, 1988; Dickman et
al., 1990; Scalo, 1990; Vogelaar et al., 1991), HI surveys (Wakker, 1990; Vogelaar et
al., 1991), CO surveys (Falgarone et al., 1991; Zimmermann and Stutzki, 1992),
similar to the work of Lovejoy (1982), and Rys and Waldvogel (1986) for terrestrial

-5 0 -10 -5
Velocity (kin/s)                                    Veloel~.y (kin/s)

Figure ~: Variation of typical CO spectra in the direction of L1457 at different spatial resolution
(30"(15")240") (intensity in units of Kelvin vs. velocity), showing a split up of the left line component

with increasing resolution.
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clouds. From the relation P1/DHaA~ these plots yield fractal dimensions DH in a
range between 1.2-1.7. The same fractal dimensions are derived independently
when rescalingdata sets with different resolutions ¯ to the same scale by the rela-
tion P(¯) a ¯I-~DH (Falgarone et al., 1991; Zimmermann and Stutzki, 1992). How-
ever, the significance of these numbers is still being discussed since they may be
influenced by effects like noise (Dickman et al., 1990) or finite resolution
(Zimmermann and Stutzki, 1992); moreover it is unknown in which way certain
physical conditions lead to certain fractal dimensions of ICs’ shapes.

The fractal shapes of iso-column density contours suggest fractal iso-density sur-
faces and thus a fractal spatial distribution, although due to the projection along
the line of sight it is impossible to observe the 3-dimensional structure of ICs
directly. Fortunately, the velocity distribution of cloud substructures can be
observed by their Doppler-shifts in the spectra; this yields information about sub-
structures along the line of sight assuming different structures having different
velocities. Looking at CO spectra at different spatial resolutions (Fig. 2), we find
that the lines, showing the dynamical distribution of the molecular gas, split up
with increasing resolution into several narrow lines, similar to the spatial struc-
tures. Although no general relation between velocity and spatial distribution of
molecular gas along the line of sight can be assumed, the overall presence of this
phenomenon strongly points to a self-similar distribution of molecular gas in direc-
tion perpendicular to the projection plane, and thus to a self-similar 3-dimensional
distribution.

4. MASS DISTRIBUTION AND SCALING RELATIONS

0
-4     -3     -~:      -1      0

Figure 3: Mass spectrum of the decomposition of the CO map of the L1457 core (see Fig. l.c) into
Gaussian-shaped substructures, showing the power-law relation dN/dM a M"1"730"~0"06 (solid line).
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The variation of physical excitation conditions (like density and temperature) and
physical parameters (like mass and velocity dispersion) with size scale can be per-
ceived by analysing separable substructures, or even by averaging over arbitrary
subregions of observed IMCs. The latter is not surprising, keeping in mind that the
definition of a ’substructure of its own’ is appropriate only within the respective
spatial resolution because structures dissolve and split up into smaller substruc-
tures when changing to higher resolutions.
Nevertheless authors have attempted to determine definite entities called
’fragments’ and ’clumps’ (Ungerechts and Thaddens, 1987; Zimmermann and
Ungerechts, 1990; Stutzld and G0sten, 1990; Herbertz et al., 1991) to derive sub-
structure mass spectra (Stutzld and G~ten, 1990; Lada et al., 1991) which could be
related to star formation characteristics like the stellar initial mass distribution
(/.arson, 1992; Stutzid, 1992; Lada et al., 1993). We followed this idea and used an
algorithm of Stutzki and Giisten (1990) to decompose the CO map of the L1457
core (see Fig. 1.c) into Gaussian-shaped substructures. The mass spectrum of this
decomposition (Fig. 3) shows the power-law relation dN/dMaM-L73± o.°* (marked
by solid line), where the largest structures have masses close to 0.5 solar masses
(Mo). For physical parameters of the Gaussian-shaped substructures power-law
scaling relations with size R according to the Larson-relations (l_arson, 1981) are
expected. The dispersion of the velocity distribution ov follows for structures
larger than the resolution limit dashed line a wet law o,, kms-1 R ’~
F 4 ( ) po - ( ) a (pc)( ig. ) with a between 0.38 (thin line, Larson, 1981) and 0.5~0 (fat line, Myers,

1983; Dame et al., 1986) which were found for samples of other ICs. This is
expected if the turbulent energy scales linear with the size: ao 2 a R. If this scaling
relation still holds down to thermal velocity dispersion, a lower limit for
substructure sizes will be given.

-1.5

-4 -3 -P- -1
log (R/pc)

Figure 4: Velocity dispersion aO versus sizeR for Gaussian-shaped substructure~ (fat line: a = 0.50,
(Myers, 1983; Dame eta/., 1986); thin line: a = 0.38, (l_arson, 1981)[30]); dashed line: resolution limit.
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5. MODELLING THE 3-DIMENSIONAL SPATIAL STRUCTURE
OF INTERSTELLAR CLOUDS
Being led by indications of 3-dimensional self-similarity of IMCs as discussed in
section 3, we have modelled 3-dimensional distributions of molecular gas and com-
pared them with the observations. Our model-space is a cube of 64 × 64 × 64 cells,
which is divided into 8 subcubes, each of these again into 8 subcubes, and so on,
until the smallest subcubes consists of only 1 cell. The model-space is assumed to
be filled with matter, which is distributed randomly onto N1 of the 8 subcubes at
division level L1, i.e., 8-N1 subcubes remain empty. Thus on each level Ln(n ffi 1(1)6) only the matter in filled cubes can be further distributed onto subcubes,
until the lowest level L6 is reached. Since the filled volume decreases from level to
level the density increases with smaller scales like observed in real IMCs. This pro-
cess produces a 3-dimensional Cantor-dust and is called ’curdling’ by Mandelbrot
(1982). Only ff the number of filled subcubes is the same on each level this results
in a (random) fractal distribution; in general it is just hierarchical and not self-sim-
ilar. Already Hoyle (1953) tried to explain the distribution of galaxies with a similar
2-dimensional model, and Hetem and L~pine (1993) used a method like this to
model ICs structures as well.

To compare models with observations we apply a box-counting method to the
observed map and the 2-dimensional projection of the model, i.e., we count the
number of boxes needed to cover map areas with intensities higher than definite
values (Fig. 5.a: 10 %(10 %)50 % of peak intensity), and doing this for successive
smaller box sizes. Figure 5.a shows log-log plots of the number of boxes needed ver-
sus inverse boxsize for the Taurus map and its best fit model which we obtained by
varying the numbers Nn (n = 1(1)6) of matter filled boxes on each level. In Figure
5.b a part of the Taurus map is compared with the projection of its model. Whereas
for Taurus and the whole map of L1457 (Figs. 1.a, 1.b) we find relatively high vol-
ume filling at largest and smallest scales, and relatively small filling in between, the
best fit model of L1457 core (Fig. 1.c) has the same number of 7 filled subcubes on
all levels except one and therefore can be characterized by a fractal dimension
DH = log7/log2 = 2.81.

The projections of our models are not thought to have the exact morphology of the
observations, but to show the same fractal/hierarchical properties in their area fill-
ing which is measured over all size scales, inherent in an observed map, by means of
the box-counting. From the models we can extract typical density profiles along the
line of sight. Assuming a certain velocity field along the line of sight we can calcu-
late line profiles and compare them with the observed ones; e.g., for a constant
velocity gradient the line profiles are identical to the density profiles.

6. CONCLUSIONS
From investigating the observations and modelling its 3-dimensional structures we
draw the following conclusions:

1. Our observations of IMCs cover a wide range of size scales between 100 pc and
0.005 pc, which is necessary to investigate their hierarchical and fractal properties.
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Figure 5. a. Plots from box-counting of Taurus CO map and the projection of the best fit model; b.
Taurus CO map compared to the projection of the best fit model
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2. ICs appear to have self-similar projected shapes with fractal dimensions
DH = 1.2-1.7 derived from log(P)-log(A) plots.
3. We find that molecular spectral line profiles split up with increasing spatial res-
olution into several narrow lines, pointing to a self-similar distribution of molecu-
lar gas along the line of sight as well.
4. Conclusion 2. and the overall presence of 3. point to a self-similar or at least
hierarchical 3-dimensional fractal distribution of molecular gas.
5. IMCs substructures show a mass spectrum dN/dMa M-1.73+0.06 and a power-law
scaling relation of the velocity dispersion av with size R of qi a R’* where
a = 0.38-0.50 which can be regarded as another aspect of the fractal structure.

6. Comparing observations and models by box-counting we succeed in modelling
the observations by a method of hierarchical subdivision; from the models, density
profiles along the line of sight and realistic spectral line profiles can be derived.
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