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suzioes of the aymmetry notion on geometric objects

with one or more colours

Tiberiu ROMAN, BUCURLESTI

The objects I'll speak about have plane images end the
mathienatical treatment is minimum. The succesive extensions are
presenied in a logical order, more thdn in a chrondldgical one,
for more details, there are references (aﬁd the references given
there). Projection and models will be presented.

1, THE CLASSICAL SYMMETRY (ISOMETRY) , _

1.1, An isometry is & mapping ot the eunclidean space E?
ento itself, which'preperves all disﬁances. In the plane (n=2),
the iscmetries are: a) the i1dentity; d) reflection in a line; e)
glide reflection (in 'a line). A symmetry of a set S (of points
from B ) is an isometry which maps S onto itself. The set of sym-
metries of S forms (under composltlon) his sxmmetrx group GfS).

1.2, A(plene) motif M isﬂ)ounded and connected st of
points{frcem Eq) A digcrete pattern.? is a (non empty) family Mi
”“') of pairwise disjoint, congruent copies of M » 80 that the
z$¥y group G(®) acts tranoltively " on ‘the Mi—s. There are

tlevorles of P: a) finite patterns (or rosette); b) strip
s (frieze, band or border ornaments) with one translation
tor dy symmetry; ¢) periodic patterns (wallpaper or plene or-
roents) with 2 (in different directions) ‘translation vectors as
wvimetries,
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1.3. If the motif M _is asymetric (l.e. no symmetry of
¢{®) is its own symmetry), the pattern is called primitive and
there ere: e) two femilies of finite patterns - with c, (the cyclic
greup) end d, (the dihedral group); b) 7 types of Btrip patterns;
e} 17 types of perlodic patterna. I1f the potif M is sxmmetric
(i.e. thers is at least one symme try of G(P) that is a symmetry
of the motif also), the pattein is called non-grimitive and there
ere: o) a familly of finite putterns, b) 8 types of strip patterns;
¢)* 34 types of perlodic patterns.’ For the history of these groups
of symmetry, their extensions and illustrations see Grlinbaum &
Shephard (1987), pp.55-56, 218-256.

le4. A chain (or rod patteln) is a rotational infinite,
infrical surface G with a marked family'm' (Le1) of peairwise
’*ﬂnlqu.copgruent copies of a motlf?W (i.e. a bounded and con--
ted se2% of cylinder points) , so that the qymmetry group G(Jf)

‘0T cach pair Mk’ bh of the family Mi,vtherg is a symmetry of

G{P) that transforms Mk onto Mh'
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ccts transitively on the’ﬂi - 8. Their symmetry groups were studied
Zirct in 1929, T.Roman (1969, 1985) claessified these in 17 primiti-
ve and 19 non-primitive classes, using their plane development.

1.5, A major extension was perform;d by adding a "marking"
t> each motif copy. The first : colourlng it in hlack or white so
tiint the gymmetries maintain the colour and the antlsymmetries
chonsxe thenm, Indirectly it was made in 1929~1930.,Direct1y (but re-
maining fast unknown) in 1935 . The book of Shubnikov (1951) gilves
8 newy start to application of antisymmetry (and multiple antisym-
metry) ned only in geometry and cristallography but also in physics,
chonmistry, bilology by scientists from U.S.S.R;, and from many other
cruntries in the 50's and 60's. See the book of Shubnikov & Koptsik
'(1372 inr ussiaﬁ, 1974 in enzlish) and the review article of
frasrauey & Telistrent (1980, p.231).

' 1.6. An other acceptlod of colouring, mathematically founded
“; vzu der Waerden & Burckhardt (1961) is the q )-colour symmetry for
x 52t 3 oz a pair (7,7 ), where 0 is a symmetry of G(S), and 7 a
zpnutetion of q indices, compatible with & ; the compositon 1aw of
colour ~ symmeiry group is: (G_l’ 1) (6-2’ o) = ( U
*sults ave given in iM.Senechal (1979), T.Wieting (1982), Jarrat &
warzanbarger (198l), T.Roman (1970, 1989). Review article: R.
“ihmsyazenberger (1984), Grinbaum & Shephard (1987, bp.463-470).

1.7. A1l the above mentioned notions and results are for
ate goometric object from 1.2 and 1.4. The coﬂ%iﬁuous {or semi-
wous ) patterns as well as the tiling of the euclidean plane

t2 tackled, but see Grilnbaum & Shephard (1987).
2. THE HOMOSRAPHIC SYMMETRY

2.1. A hono;raghic magging of the euclidean plane E
¢ a point 0) onto E® AN {O'} is obtained by one of the elemen-
lLlHduLOﬂu defined through the complex function

(ad - be £ 0), i.e,: identity, rotation, homothety,
on, reflectlon_and their combinations. An & —symmetry of a set

2)-

2

-'m>-ssm:3uvies of S forms (under compositlon) his @ -symmetry
an_ fL}(%) 1[ it contains an inversion and his Jlmilarltx group
F.48) 1T it contains a homothety and is not a G, (8). :
' 2.2, The G (S) were applled in crystallovraphy by Shubnikov
(1950). Por subsoquent developments see Zamorzaev & Palistrant (1980,
PPe 240~¢4J).

2.3. A discrete @ - pattern is theﬂhomographic transform of

2) v-1a [15] , k = in [11] e.nd[z].'; N - in |10]
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a discrete pattern . The finite w -patterns are the hbmographic

Fig.l, Fig.2.

transforms of,discrete strip patiern segmenis, The discrete angular
patterng are the transforms of the discrete strips.patterns. The
homographic -« - patterns-are the homographic transforms of. the
discrete periodic patterns.'A'conicicolumn'g;'has ite planes de-
velopment:(i,e, an angular domain,provided;with motifs) the trans-
formed*)p chain plane development, Details about thls geometric
objects see in Roman (1971, 1972, 1985, 1989).

.3, _THE SURFACE SYMMETRY

congruent cells of a rotational surféce segment, included betweén
two planes P, P' oprthogonal:to the rotation.axis, For:C ome.ob~
taing segments of strip patterns; the projection on P.of these.on

Cys So9 Bs Hy, Hpy P, is a finite W -pattern, b) Strip discrete.

are obtained by placing adequate motifs in the:cells of rotational
s Hys Hpy Py (for z>0) , cells regulting by sectioning with.a
epacial family of planes orthogonal to the .rotdtion axis and ar
zocond family of axial planes; the proJectioh on the plane z =.0¢{
is a homographic:w -pattery.: ’
. 3.2, Isometries of the plane map of a boundeéd surface
end discrete patterns on.the surface are illustrated by two exem-

g j0,.20), ve (0,7) . The map-of a;segmeént of E is the band -

between the sggments v = h, v'= h'.:A:map of 2:elliptical finite

digscrete patterns is given in fig., ‘3:and a'map of a periodioc dis-
crete pattern on E, for u‘= %%7 (m = 1,2,3), V =.-2%l’—1 (h =1,2,)

. Fig, 3. . ‘Fig.4:
isprawn in fig. 4; b) for the torus, the map isj%ben square
ue (0, 2X), ve (0, 27V ), the oposed sides beeing identical. One
defines the ©-symmetries of the torus; the discrete @-patierns:
parallel, meridian and helicoidal finite @ -strips and the periodic

o-patterns are studied (Roman, 1979).

3) The considered surfaces are: sphere with centre O: So' ellip-
soid E, hyperboloids Hl, HZ' paraboloids Pe' Ph' rotational
cylinder C, rotational cone with apex 0: Cor
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4, APPLICATIONS:
4.1, Illustrations foxr unicolour and bicolour discrete
patterns from' roumanian folk art will be projected.
4.2, There will'be proJections for:.colour Escher pat-
teLrs, colour’ homographic patterns, colour:-chains--~ also as.
ugeestions for their wider tilization.
434 Tires profiles models - as examples ef o-patterns
will be showa.
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