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.:~:~:-~n.:,~.~,nz of ~,h~ s~’mmetry .notion on geometric objects
with one or more colou~rs

~Iber~ u RO~AN, . Buc~ESTI
The objects I’ll spe~ about ~mve pl~e ~ages and t~

~n~the~u~tical treatment i~ mlnimu~. The s~cceslve extensions ~e
p~:esen~ed in a lbgical order, more than In a c~on~l~glcal one.
~or mare details, there are references (~d t~e .references given
there). Projection and models will be presented~

1. T~ CLASSICAL SY~TRY (!SO~TRY)
1.1. An isometr2 is a mappi~ o~ the. emcildeam space

onto itself, which,precedes all dis.~ances. In.t.he pl~e (~=2),
th~ isometrics are: a) the ~en~ity; d) .r’eflectlom in a line; e)
~.ide reflection (~n "a kfne). A symmet~ of a set S (of POints
fro~.~ ~n) .Is an isometr~ which me,p~ S onto itself. T.he set of sym-
n~trics of S for:~s (mnder composition) his sYmme’tr~ ~roup G~S).

1.2. ~.(plane) motff fie is~° unded ~d co~ected s@t of
points(f~em~). A discrete pattern~ is ~ (non
;~.)2) of pairwise disjoint, congruent copies of ~o’ so ~hat the

:~,n:~~r~ g~oup G(~) acts tr~sitively1)" on ’the ~]~-s. There ~re
~, cathegories of ~: a) finite patterns (or rosette); b) strip

j.~,~o~,~’ns (frieze, ~d or b~rder oy~ments) with 6no translation
~~.,~tor ~fs symmetry; c) "periodic patterns (~allpaper
~~.~,~:nt~) with 2 (in "different directiQ~s) ~tr~slatlon vectors as

1.3o If the motif blo..is asymetric (i.e. n-o symmetry of
0~) is its own symmetry° ), ~the p~ttern is called primitive and
~h:~-re are: s,) two families of finite Patterns - with  m (the
g~:o’4p) an’d dn (the dihedral group); b) 7 type’s of strip patterne;
c) 17 types of p~riodic patterns. If the motif ~o is "symmetrlc
(i.e. there is a~ least one symm,etry .of G(~) ~hat i.~ ~ symmetry
of the motif also), the pattern is called non-prlmltlve and there
a~’e: a) a familly of finite, patternm; b) 8 types of strip Patterns;
c)~ 34 types o~ periodic’ pa~erns.: Fo~ the history of’ these, groups
of ~y~metry; their ektensions and illustrations see Grff~baum
.... e~L-a~d (1987), pp.55-56, 218-256~

1.4’ A chain .~ (or rod pa~tern) is a rotatlonal,infinlte,
:~lind~ic~l surface C with a marked family ~i (±~ I) of palrwlse
o.~:~n~.co~_gr~ent copies of a motif% (i.e. a bounded and Con-
~:.,..,~~-!:ed ~et of cylinder points~ , so that the symmetry’group G(~)

].) For each pair ~k’ ~’h of the fsmlly ffl’ there is a s~mmetry of
G(~~) t~at transforms ~k onto Mh.
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,..ct.:s trausltlve]y on the-~-i -.s. Their symmetry groups were studied
£iz’st in 1929. T.~Roman (1969, 1985) classified these in 17 prlmlti-

¯ ~e ~nd 19 non-p~im!tive classes, usi~ their pl~e development.
.1.5. A major extenslen was perforated by addi~ a "m~klng"

t~" each motif co~y. The first : colo’urizg It in black or white so

that the s2mmetrles maintain the colo~ ~d th~ ~tls2mmetrles
c~]..~.n~;e them. Indirectly it was made i~ 1~2~-1930.. Directl~ (bat re-
malni~ fast .u~nown) i~ 1~35 . The book of Sh~bnlkev (1951) give~
a ~e-.,~ st~.z.t to application ef anti~y~etry (~d ~ltiple ~tisym-
met:,2) nob o~y i~ ~eometry ~d crist~leg~aphy b~t also
chs,.niZt~, biology by scientists from U.S.S.r.’, ~d from ma~ .other
c..~m~t.~i~.s in the 50,s ~d 60’s. See the book of S.habnlkov & Koptsik

(~]72. in .z’~ssi~, 1974 in englis.h) and the review article of
~’,;~!’~e~" & Pe.lis~’~nt (1980, p:.231).

1.6. An other ac.ceptio~i of colouring, m~thematically, founded
b:; ’~=~ dot Wae~den & B~rckhardt (1961) is. t~ q2)Lcolour sy~etry for
t ~;~t S o.~ a p~i~ (~ ,:,V’), where ~ i~ a symmetry of G(S), and ~ a
2e:,z:7;ut:~.tion o~ q i~dlces, compatible with ~ ; the compos~ton law of

~:b.o colouz~ -symme.t~y groap is: (~i,~) (~2,~2)~ (di~2,~71~2).
V.c~ults a~e given i~ ~.Senech~ (1979), T.Wiet~.~ (1982), J~rat &
~,Th:.~zenba~-ger (1981), T.Roman (1970, 1989.). Review ~tlcle: R.
~’.n.~e~erger (1984) Gr~nha~m & Shepherd (1987, pp.463-470).

1=7. All the .above mentioned notions ~d reshlts are for
~_[~:~’ete geometric object, from 1.2 and 1.4~ The con~i~uous .(or semi-
co~-~inuous ) patterns as well ~s the t{li~ of the eucllde~ ~l~e
~_[~:.! no~ be tackled, but see Gr~nbaum & Sheph~d (1987).

2, TH~ HO~AOG~PHIC SY~&METRY
2.1. A home~raphic mapping of ~he eucllde~ pl~e

(z~tho~t a poin~ O) onto .~2.k (0~ is obta~ed by one of th~ ~lemen-
t~’~..~ tr~zisr:~tions defined, throu~ t~ie compiex function

z~ cz~Z T+ bd (ad- bc { O), i.e.: identity,, rotation, homothety,
in7er~.~ion,., reflection, and their hombinations. An ~-symmetr2 of a set
~ (of motifs in ~2) is a homographic mappi~ of S ont~ itself. The
~:’~t~ ~-,sN.mze~rles of S forms k~der composition) his .~-s~mmetrx

(S) i~ it contains an inversion ~dhis si~i~ity group
~_~.l 5.f it contains a homothet2 ~d is not a G~ (S).

2.~. The G~(~) were applied in crystallograp~ by Shubnlkov
(1950). For subseqaent developmenls" see Z~orzaev& Pallstr~ (1980~
pp ~ 240-24~.

2.3. A discret~ ~- pattern is the~.homographlc tr~sfo~ of
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a discrete pattern . The finite ~ -patterns are the hbmographic
Pig.lo Fig.2,

transforms of. discrete strip pattern.segment. The discrete an~ular
patterns are thetransforms cf the discrete strlps, p&tterns. The
homog~aphlc~ ~ - patterns, are the homographic transforms of, the ¯
discrete periodic patterns.~ A~conlc~column ~, has its plane~ de-

velopment-~(i.e.~ an angular domaln,providediwith~motifs) the trans-
formed~/~ chain plane development. Details about this~geometri&
objects see in Roman (1971, 1972, I~85,

..3~THE SURFACE SYMMETRY
~..l..Generalized discretepatterns on’surface ar~ ext@n-

sions of the three cathegories~from 1.2. a) Finite discrete ~at-
terns onLs_u~f_ac_e~)are obtained by pluming congruent motlfsin
congruent cells of a rotational scrf~qe segment, Included betwe@n
two pl~n~s p,~.’ o~$hogonal..to the rotation.axis..iFor~C one.ob~
tain~ segments,o~ strip p~t.~.ern~; the pro~ection on P.of th~se.on
Co’ So’ E"HI’-H2’ Pe isa finite-~-pattern~ b) ~tElE discrete,
~.atterns onSurface are obtained by placing adequate motifs @n a
~urface segment, the parallel planes.P, P’ yelding hyperbolic,.
par~bolic or right-line sections;,c) Periodic. patterns on surface
are obtained by placing adequate motSfs in th~..cells of rotational

Co~ HI~ H2’ Pe (for z>O) , cells~re~ulting by sectioning with.a
soeclal family of planes o~t~ogonal to the ~rotation axis and a,
~ocond family~of, a~lal planes; the projection en the plane z =.0~
is a homographic ~.~.-Patter~. ’

3.2. Isometrles of the plane map of a boundedsurface
and discrete Ratterns on..the-surface are illustrated by two exem-
ples: a) for the elliEsoid ~t~e map is an open rectangle~domain:
.~.~O,.2.~)~ V e (0,~.) .The mapi-of a~egmen~ of E Isthe band¯
botween the s~g!ce~ts v = h, ~= h’,.,A~map of 2~elliptical finite
discrete.patterns is given in fig. i3~and a~map of a~pe~iodio dis-
crete pattern

Fig.3..
i~rew~ in fig. 4; b) ~or the ~rusA the map is~pen square
u e (O, 2~), v~ (0, ~V), the oposed sides beeing identical. One
defines the @-s~mmetries of the torus; the discrete @-patterns:

parallel, meridian and helicoidal finite @ -strips and the periodic
@.-patterns are studied (Roman, 1979).

3) The considered surfaces are: sphere with centre O: So, ellip-
zoid E, hyperboloids H1, H2~ paraboloids Pe’ Ph’ rotational
cylinder C, rotational cone with apex O: CO¯

./.
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-4-

4.1. Tll~stratlons for -nlcelour an~ blcoloar discrete
patterns fr.em rocmanla~folk art~will~be p~je~ed.

4.2.~ There ~ill~epreJectiens for:~cele~r~Escher~a~
terns, colour~ hemegraphlc patterns, meleu~ehalms-~
,~ g~e:~ons for their wider ~illzation.

.4.3. Tirs~~rofilesmodels- as ex~ples
~’~ii! be sho~.
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Two elliptical finite patterns

o~ the ellipsoid map.

I- -I E:ZI C ZI E:--1
E"-t E-I E -liE:3

F%. ~

Periodic discrete pattern on
the ellipsoid map.
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