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ABSTRACT Fermat s Search for Symmetry of Triangular Numbers
Dr. Erkka J. Maula SF-14700 Hauho,Finland

In Fermat s philosophy of mathematics, his search for symmetry as a
fundamental intellectual principle is nowhere else as clear as it is
in the problem complex surrounding the Last Theorem. We show that he
conceived his attempted proof as a symmetry between triangular num-
bers and their powers in case they also constitute triangular numbers.
This strategy of proof poses the question: Was Fermat justified 1n
his claim that he had invented "a truly remarkable proof" to his Last

Theorem? The key into FLT is the fact (Prop. 1) that if there is a non-
zero integer solution (x,vy,z,.,n >2).(x.y.2) are sides of a triangle, ]

I Fermat’s justification is studied by outlining first an historical scenario of the antecedents of FLT
as a working hypothesis. It consists of three propositions and lemmas (Props. 1—=3 and lemmas 13,
with sketches of the proofs). These are elementary statements well within Fermat’s reach and yet give
a geometrical illustration of FLT. Their novelty is Prop. 1 first suggested in (13:153—~154). These
antecedents are called Fermat’s heuristics. They were presented at The 8th Int. Congress of Logic,
Methodology and Philosophy-of Science in August, 1987 in Moscow, BSSR.(in" Sectiom 1t
Foundations of Mathematical Reasoning).

11 The power of the outlined antecedents is medsured by méans of conclusions drawn from them
(Prop. 4 and lemma 4), comparing the conclusions with modern results. In drawing these conclusions,
only methods known from Fermat's own or his predecessors’ works are employed. The cemparisons
indicate, however, that Fermat anficipated (granting his heuristics consisted of Props. 1—3 and
Lemmas 1—3) much later results. In particular, Prop. 4 is more.general than Ter{anian’s result in 1977
at C.R.Acad.Sci. Paris 285, and Lemma 1 gives o better bound than M.Perisastri in 1969 ot Amer.
Math.Monthly 74. Lemma 4, in turn, offers a more promising way fo an estimate of the exponent
{n = p an odd prime) than Grinert's lower bound for an eventual solution to Fermot’s equation in
1856 at Archiv Math. Phys. 27, These are the first mathematical results.

{1l Further conclusions and comparisons are made possible by Lemma§ 5-6.They transform
.the problem and set the question of Fermat’s justification into a new light. Lemma 7 gathers

together some results depending on Prop. 4. But that is only a watershed.
A definitive answer is possible only if the final Prop. 5,FLT with

odd exponents in one version,can be proved.by Fermat®s methods.Aiming at
the proof,Porisms 1-3 and Lemma 8 are given.kEnter Proof Reconstruction.

IV Im the philosophical .part, the implications of the forezoing
heuristic, historical axd mathematical comsideratiems are outlined.They
comgtitute, ix our opiniem, Fermat’s true legacy with am impact ex mederx
philosophy of mathematics amd philesephical.cesmelegy. In fact, this phil-
esophical legacy rums parallel ta Hamiltsx’s research program which he

gave up in favour ef the quatermioms (184 . Although Fermat’s FLT and

his Primciple of the Least Time iz optics are parts of hie legacy, they
are but the tip ef the iceberg.
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FERMAT'S HEURISTICS

It is 350 years since Fermat scribbled his “’Last Theorem’” (FLT) in the margin of his copy of ‘
Disphantus [3]. Despite recemt advamces, esp. Gerd Faltimgs’ result (1983)
and Yedchi Miyaeka’s mear-proef (1988), meither the mathematical mer the
legical effoerts mer yet computer calculatiems have beem gufficient te:
selve the preblem [cf.ls:a-j]. ;1 the beginming of eur cemtury, Hilbert
believed that the selutiem will be feurd [8]. Iw mid-1930's yhewever,
urgelvable preblems were gatherimg amd the Theery of Algerisms was devel-
eped by Church amd Turimg. After the werks ef Pest, Markev and etkers
(c. 1947-1952), a megative selutiem was sucgested te Hilbert’s Preblem X
by Davis, Daverpert, Putmam amd Rebimsem (1953-1960), Ix 1970 it was
feuxd by Ju.V.Matijasevi? and G.V.Cudwevekiy [13 :136-7]. This megative
selutien te the decisiem preblem &f a gemeral Diephamtime equatien, al-
though it dees met rule eut the pessibility tkat tke particular Diepham-
tine equatiem FLT ceuld either be pesitively selved er prevem impessible
te selwe, reduced much ef the hepe 03:15}1.

Teday, especially im Amalytical Philesephy, FLT is eftem queted as
an example of Godel’s "true but umdecidable statememts" [I5 :216-8]. This
is intellectual lazimess. GS5del’s result is '+ of existemtial character
axd mustlntt be used as a preblem-killer. It is met werthwhile te claim

cexceptual cemmaxd ef a particular preblem that eme canxmet selve. There
is me ratiemal reasem for believing that just FLT is undecidable.

Other attempts kavimg failed (se far), we suggest ai additiexal study
of Fermat’s antecedeats 03: 155—4]. Fer it 1s falrly sure that ke did met
invent anythimg like the abstractiems ef mederx Number Theery, and defim-
itly did wet anticipate the latest results ef choretical'PhyBics (whick
Miyaelka made use af). Ours is, therefere, a Requiem te Fermat’'s predeces-
sers, im particular te tke Pythagereams amd Euclid,Diepkamtus amd Pappus.

There are twe separate preblems: (1) te preve FLT usiag cemcepts and
metheds available te Fermat, ard (i1) te preve FLT by whkatever meams., The
presext day is imclimed te tke latter appreach. The fermer exe is mere de-

maxdixg, prebably mere elegart, axd certaimly cleser te rulesz ef fair play,

367



REFERENCES

The main biographical source is Mahoney (10) and the best overview of literature Ribenboim (15),
with bibliographies and primary sources. Fermat’s CEuvres, ed. Tannery & Henry, Paris (1891) 1922,

{ 1) Bashmakova, 1.G. "Diophanié et Fermat’’, Rev.Hist.Sci X1X:289—306

( 2) Bashmakova, |.G. & Slavutin, E.|. Istoriya diofantova analiza ot Diofanta do Ferma,
Moscow 1984 (’Nauka’’)

[ 3) Dickson, L.E. History of the Theory of Numbers ll, Washington 1920

( 4) Goldziher, K. ""Hatvanyszamok Telbontdsa hatvanyszamok &sszegere”,
Kézépiskolai Math. Lapok 21:177-184 (1913); his result was rediscovered in 1952 by Mihaljinec
and in 1969 by Rameswar Rao {15:69)

{ 5) Grunert, JLA. ““Wenn n > 1, so gibt es unter den ganzen Zahlen von 1 bis n nicht

zwei Werte von x und y, fir welche, wenn z einen ganzen Wert bezeichnet, x» + y» = zn ist”’,
Archiv Math. Phys. 27: 119120 (1856)

[ 6) Hardy, G.H. & Wright, E.M. An Introduction to the Theory of Numbers, London 1960
(reprint with corrections 1968) -1,

( 7) Heath, Th. A History of Greek Mathematics 1, Oxford 1921 (rep. 1965)

[ 8) Hilbert, D. “’Mathematische Probleme”, Nachr. Ges. Wiss, Gattingen 1900:253—297 =
Gesamm. Abh. Bd. lli, Berlin 1935:290—329

( 9) Inkeri, K. & Hyyr3, S. “"Uber die Anzahl der Lsungen einiger Diophantischer Gleichungen’’,
Ann. Univ. Turku. A, 1964, No. 78:3—10 )

(10) Mahoney, M.S. The Mathematical Career of Pierre de Fermat, Princeton 1973 (Princeton UP)

(11) Maula, E., Kasanen, E. & Mattila, J. “’The Spider in the Sphere. Eudoxus’ Arachne’,
Philosophia V/VI:225—257, Athens 19765 Maula,E, "Frem time te place:the paradigm

(12) TRSoTa, e BB 2 0t a ) Narsen: 4272 38109122

(13) Maulaq, E. ""Proof, history and heuristics”’, Historia Scientiarum 29:125—155, Tokyo 1985
(14) Perisastri, M. ““On Fermat’s last theorem’’, Amer.Math.Monthly 76:671—5 (1969)

{15) Ribenboim, P. 13 Lectures on Fermat’s Last Theorem, NY 1979 (Springer)

(16) Szabd, A. Anféinge der griechischen Mathematik, Budapest 1969

[17]' Szabé, A. & Maula, E. Les débuts de I'astronomie de la géographie et de la trigonométrie
chez les grecs, Paris 1986 (C.N.R.S.)
{(18) Terjanian, G. “Sur I‘équation x? + y? = 22/, C.R.Acad.Sci.Paris 285 (1977)

(19) Vandiver, H.S. “A property of .cyclotomic integers and its relation to Fermat's last theorem’,
Annals of Math. 21: 7380 (1919)

(20) van der Waerden, B.L. “’Die Postulate und Konstruktionen in der friihgriechischen Geometrie”,
Arch.Hist.Exact Sci. 18:343—357; cf. the review by E. Maula at Zentralblatt fir Mathematik
432:9—11

References to ancient authors and their commentators in full in L¥} ana [13].
Literature of more general interest

Boyer,C.B. The History of the Calculus and Its Conceptual Development,
NY 1949 (Dover Publications)

Dantzig,Tobias Number,The Language of Science NY 41954 (The Free Press)
Kline,Morris Mathematical Thought from Ancient to Modern Times, NY 1972

Tannery,Paul "Notions historiques" in J.Tannery Notions de Mathématiques

Paris 1902 {Paul Tannery and Charles Henry edited Fermat” s works 1891-1922)

Wallner,C.R. "Entwickelungsgeschichtliche Momente bei Entstehung der
Infinitesimalrechnung",Bibliotheca Mathematica (3),V (1904),pp. 113-124,

368



