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THE BIRTH OF SYMMETRIES I N  THEORETICAL PHYSICS :  LAZARE CARNOT'S
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MECHANICS

DRAGO A n t o n i n °

Dept .  P h y s i c a l  S c i e n c e s ,  M o s t r a  p . 1 9 , 8 0 1 2 5 ,  N a p l e s ,  I t a l y

Lazare Carnot wrote a f i r s t  book on mechanics i n  17831)and a second
book i n  18032).  I n  both books the  core o f  h is  theoret ica l  t h i nk ing  i s  t he  same
and h igh ly  o r ig ina l  w i t h  respect the other authors o f  h is  t imes,  Lagrange
included. From a theore t ica l  p o i n t  o f  v iew, h i s  basic not ion i s  t h a t  o f  geo-
metric m o t i o n .  The d e f i n i t i o n  i s  the fol lowing:Any motion
w i l l  be ca l led  geometric i f  the opposite motion i s  possible.  H e  o ffe red
many examples o f  such motions. For  us i t  i s  in te res t ing  the  f a c t  t h a t  the
translatory motions and r i g i d  ro ta tory  motions o f  a system as a  whole con-
s t i t u t e  geometric motions.

Geometric motions do not  equate v i r t u a l  motions, cont rare ly  t o  what
G i l l i sp ie  seems t o  h o l d )  Rather, they p lay a c ruc ia l  f a l e  i n  the development
of  L .  Carnot 's  theory.  They a l low t o  obtain the  laws o f  motion from a funda-
mental equat ion L .  Carnot states (  unfor tunately i n  an obscure way) f o r  the
shock problem o f  a system o f  par t i c les :
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superimposed geometric motion, possibly i n  a spec i f i c  way f o r  any s ing le
par t i c le .

Let us remark t h a t  since one may assign an i n f i n t e  number o f  geometric
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any spec i f ica t ion  o f  i l y s  provides a determinate equation which gives i n f o r -
mation about the  system motion.
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being i  a n  a r b i t r a r y  quant i ty ;  i t  fo l lows t h a t
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which i s  the  law o f  conservation o f  momentum f o r  an ( i so la ted)  system o f  mate-
r i a l  po in ts .

Then, l e t  us assign a new geometric motion which ro ta tes  r i g i d l y  the.4
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-
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w h o l e s y s t e m a b o u t a f i x e d a x i s , w i t h a n g u l a r v e l o c i t y a . T h e n , u . = a  x  r
1and we obta in
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Again, a  i s  an a r b i t r a r y  quan t i t y,  thus

or,  what i s  the  same
m. U. x  r .  =  0

m . W . x r . V . x r .

i . e .  t h e  conservation o f  the  momentum o f  momentum.
Surprisingly enough, u n t i l  1970 L.  Carnot 's mechanics passed almost

unnoticed ,  i f  no t  by some French authors4).  The above der ivat ions have been
noticed by C.C.Gi l l i sp ie  i n  h i s  analysis o f  L.Carnot's s c i e n t i f i c  work5) h o w -
ever he d id  no t  recognized i n  them the symmetry method o f  der iv ing laws.

Actual ly,  L .  Carnot was p r ide  o f  having introduce the not ion o f  geometric
motion. He even foresaw a n  e n t i r e l y  new science, intermediate between geometry
and mechan ics
6)
.  T h e  
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ever, i t  i s  well-known t h a t  Sadi Carnot produced almost the  whole theory o f
thermodynamics by developing the  main ideas o f  h is  f a t h e r,  Lazare. I n  p a r t i -
cular i t s  r e v e r s i b i l i t y  not ion const i tutes a f i l i a t i o n  o f  the geometric
m o t i o n
7 )
.  
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as "a  science o f  symmetry" s ince conserved and brocken symmetries o f f e r  i t s
coordinates8).

Therefore, i n  the  h i s t o r i c a l  development o f  science there ex is ts  a  branch
of theoret ica l  physics ( i . e .  two basic theor ies)  t h a t  presents an a l te rnat *ve
mathematics t o  t h a t  o f  i n f i n i t es ima l  analys is .  One may suppose tha t  i n  past
times the above branch has been under-evaluated because h i s  mathematical t e c h -

niques are not  congruent w i th  the  dominant one, i . e .  ca lcu lus.
To have i d e n t i f i e d  the  b i r t h  o f  symmetries i n  physics lead us t o  recogni-

ze the  i n t e l l e c t u a l  o r i g i n s  o f  such not ion.  Lazare Carnot had as main i n t e l l e c -
tual teachers D'Alembert and Leibniz.  As an example, L .  Carnot fol lowed the
Leibnizian p r i nc i p l e  o f  con t inu i ty  t i l l  t o  adoptqs h i s  main maxim f o r  both

sc ien t i f i c  and .  p o l i t i c a l  l i fes(the"deplacement by insensible degrees" ) )
Now,it was a  Le ibn iz '  design t o  add t o  calculus a  new mathematical

technique ,  t o  be spec i f i c  f o r  geometry, i n  order t o  formulate a "charac ter is t i ca
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there i s  no be t te r  candidate f o r  such addit ion than symmetry mathematical t e c h -
niques, t h a t  s tar ted by Lazare Carnot's theoret ica l  mechanics.

When we ask f o r  a representation i n  log ica l  terms o f  such new way o f
reasoning, we f i n d  a possible answer i n  thermodynamics. S.Carnot d id  no t  bel ieve
in ca l o r i c  theory as we l l  as i n  mechanical theory o f  heat ;  as a  consequence he
did not  stated what today i s  the  statement o f  the f i r s t  p r i nc ip le  o f  thermody-
namics. Th is  one may be synthetized by saying tha t  "heat  and work are equiva-
len t " ;  however an exact statement i s  " i t  i s  not  t rue  t h a t  heat i s  no t  work",
provided t h a t  one ne i ther  can s ta te  "heat i s  work" no r  "heat i s  no t  work".
Since i n  c lass ica l  l o g i c  a  statement i s  l o g i c a l l y  equivalent t o  i t s  double
negation, t h e  above statement o f  the f i r s t  p r inc ip le  does no t  belong t o  c l as -
sical l o g i c .  Rea l l y,  i t  pu t  a  problem, i . e .  t o  know when and i n  what terms
heat i s  work.

In f a c t ,  Sadi Carnot 's thermodynamic theory i s  aimed t o  t h i s  t a rge t .
In o ther  words such theory as a  whole represents a  l og i ca l  cyc le  (which i s
far  more important than the  operation cycle S.Carnot introduced f o r  repre-
senting the  fonct ion ing o f  an heat engine); i . e .  by  s ta r t i ng  from a doubly
negated s ta tement  the theory introduces expl icat ions which lead us t o  an
aff i rmat ive pa r t  o f  the s t a r t i n g  statement. I t  i s  very  in te res t ing  t h a t  one
finds the  same log ica l  scheme i n  Lazare Carnot's bookson calculus11),  geome-
t r y
1 2
)
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)
.

In the  l a s t  theory ,  the  double negated statement i s  i m p l i c i t  i n  h i s
version o f  the i n e r t i a  p r i nc i p l e ,  whose core we know t o  be the equivalence
of both s tates (v=0) and (v=const . ) ;  o r ,  more p rec ise ly,  f o r  the same reasons
as above i n  the  case o f  the f i r s t  p r inc ip le  o f  thermodynamics, " i t  i s  no t
true t h a t  (v=0) i s  no t  equal t o  (v=cons t . ) " ( I t  i s  t r i v i a l  t o  v e r i f y  the
f a l s i t y  o f  the a f f i rma t i ve ,  corresponding statement as we l l  as  t h a t  o f  the
simply negated statement). Th is  one i s  not  the version o f  the i n e r t i a  p r i n -
c ip le by Lazare Carnot; however,he offered a new version o f  i t ,  s t r i c t l y
opertive i n  nature,  compatible wi th  constructive mathematics and more ade-
quate than the Mach's v e r s i o n i
3
h i r t h e r m o r e  t h e  
s a m e  
n o t i o n  
o f  
g e o m e t r
i c

motion i s  drawn from such equivalence p r inc ip le ,  s ince one more d e f i n i t i o n
L. Carnot gave o f  geometric motion i s  t h a t  o f  a motion which may be super-
imposed t o  a physical system without a f fec t ing  i t s  mechanical s t a t e .

As a  consequence, symmetry technique i n  physics appears t o  have sub-
stantiated a new way o f  reasoning i n  science.
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