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APPROXIMaTE SYMMETRIES OF EQUATIONS WITH A  SmAjz, p lu t i lmEzat

V. A . B a y k o v

Ufa  A v i a t i o n  I n s t i t u t e ,  U f a ,  USSR

R o u g h l y,  t h e  i n v e s t i g a t i o n  o f  d i f f e r e n t  p h y s i c a l  p r o c e s s e s
i s  made b a s e d  o n  t h e  s i m p l i e s t  m o d e l  r e p r e s e n t a t i o n s .  T h e y  a r e  c h o -
sen t o  t r u l y  d e s c r i b e  a  g i v e n  p r o c e s s  o n  t h e  w h o l e .  When i n v e s t i -
g a t i n g  s u c h  m o d e l s  a n d  c o n s t r u c t i n g  t h e i r  p a r t i c u l a r  s o l u t i o n s ,  o f
g r e a t  h e l p  a r e  m e t h o d s  o f  g r o u p  a n a l y s i s  ( i . e .  L i e  a n d  L i e - B a c k l u n d
t r a n s f o r m a t i o n  g r o u p s ) .  T h e  c o n s i d e r a t i o n  o f  s u b s e q u e n t  a p p r o x i m a -
t i o n s  g i v e s  u s  a  s u c c e s s i o n  o f  m o d e l s ,  e a c h  o f  t h e m  c o n s i d e r i n g  s o -
me a d d i t i o n a l  f a c t o r .  T h o u g h  t h e s e  f a c t o r s  a r e  l i t t l e ,  t h e y  c a n  ma -
t e r i a l l y  c h a n g e  t h e  g e n e r a l  p i c t u r e  o f  t h e  p r o c e s s .  A s  a  r u l e  t a -
k i n g  i n t o  a c c o u n t  t h e  s u b s e q u e n t  a p p r o x i m a t i o n  n a r r o w s  t h e  a l l o w e d
group  o f  t h e  s i m p l i e s t  m o d e l  e q u a t i o n .  I t  g r e a t l y  l i m i t s  t h e  u s e  o f
c l a s s i c a l  s y m m e t r i e s  f o r  t h e  i n v e s t i g a t i o n  o f  d i f f e r e n t i a l  e q u a t i o n s

The i n t r o d u c t i o n  o f  a p p r o x i m a t e  s y m m e t r i e s  a l l o w s  t o  ove rcome
t h i s  p r o b l e m  and  t o  c o n s t r u c t  t h e  t h e o r y  o f  s t a b l e  r e l a t i v e l y  s m a l l
p e r t u r b a t i o n s  o f  d i f f e r e n t i a l  e q u a t i o n s  s y m m e t r i e s .  T h e  t h e o r y  o f
a p p r o x i m a t e  s y m m e t r i e s  i s  b a s e d  o n  a  c o n c e p t  o f  t h e  a p p r o x i m a t e
t r a n s f o r m a t i o n  g r o u p ,  w h i c h  i s  a l l o w e d  ( w i t h  a  d e f i n i t e  d e g r e e  o f
a c c u r a c y )  b y  a n  e q u a t i o n  w i t h  a  s m a l l  p a r a m e t e r .  B a s e d  o n  t h e  a n a -
l ogue  o f  L i e ' s  t h e o r e m  f o r  a p p r o x i m a t e  g r o u p s ,  a n  i n f i n i t e s i m a l
d e s c r i p t i o n  o f  a p p r o x i m a t e  s i n g l e - p a r a m e t e r  t r a n s f o r m a t i o n  g r o u p s
i s  d e v e l o p e d ,  a n d  t h e  d e t e r m i n a t i v e  e q u a t i o n s  f o r  t h e  c o n s t r u c t i o n
o f  a p p r o x i m a t e  s y m m e t r i e s  a r e  i s o l a t e d .

I n  g e n e r a l ,  t h e  p e r t u r b a t e d  e q u a t i o n  ( t h e  m o d e l  t a k i n g  i n t o
a c c o u n t  t h e  a d d i t i o n a l  f a c t o r s )  a d m i t s  n o t  a n y  symmet r y  o f  n o n - p e r -
t u r b a t e d  e q u a t i o n  i n  t h e  f o r m  o f  a p p r o x i m a t e  s y m m e t r y.  I f  s u c h  a
s u c c e s i o n  o f  s y m m e t r i e s  i s  a d m i t t e d ,  s u c h  s y m m e t r i e s  w i l l  b e  c a l l e d
s t a b l e  s y m m e t r i e s .

I n  t h e  w a y  o f  e x a m p l e  we made a  g r o u p  c l a s s i f i c a t i o n  o f  n o n -
l i n e a r  wave  e q u a t i o n  ( w h i c h  f o r  e x a m p l e  d e s c r i b e s  i s o - e n t r o p i c  m o -
t i o n  o f  t h e  l e q u i d  i n  a  t u b e  w i t h  a  l i t t l e  d i s s i p a t i o n  i n  L a g r a n g e
c o o r d i n a t e s ) .  I t  i s  d e m o n s t r a t e d ,  t h a t  n o t  e v e r y  symmet r y  o f  t h e
wave e q u a t i o n  i s  s t a b l e ,  i . e .  n o t  a l l  o f  i t ' s  e x a c t  s y m m e t r i e s  a r e

succeded i n  t h e  f o r m  o f  a p p r o x i m a t e  s y m m e t r i e s  o f  t h e  w a v e  e q u a t i -

32



on, wh ich  takes  i n t o  account  t h e  s m a l l  d i s s i p a t i o n .  F o r  conven ien-
ce o f  comparison we c a l c u l a t e d  t h e  exac t  symmetries o f  t h e  wave
equation w i t h  s m a l l  parameter and i s o l a t e d  t h e  cases when t h e  use
o f  approximate groups g i v e s  an  a d d i t i o n a l  expan t ion .

The whole group o n  non-per turbated equa t ion  i s  f u l l y  succeded
by a  pe r t u rba ted  equa t ion  ( i n  t h e  f o rm  o f  a  group o f  approximate
symmetries) o n l y  e x c e p t i o n a l l y.  I n  case such a  succession t a k e s
place w i t h  any degree o f  accu racy
v  o n e  c a n  
i n t r o d u c e  
f o r  
c o n s i d e
-

r a t i o n  a  new o b j e c t  -  t h e  f o r m a l  symmetries. The change f r o m  app-
roximate symmetries t o  f o r m a l  ones a l l ows  us  t o  g e t  r i d  o f  t h e
cond i t i on  o f  parameter smal lness and cons ider  i t  a s  a  c a l i b r a t i n g
el lement ( i . e .  t h e  f o r m a l  symmetries represent  t h e  f o r m a l  power
se r i es ) .  To  s t a b l e  symmetries be long t he  symmetr ies o f  t r a n s f e r
equat ion which a re  succeded b y  evo lu t i ona ry  equat ions  w i t h  an  a r -
b i t r a r y  degree o f  accuracy.  Among these one d i s t i g u i s h e s  such sym
met r ies ,  wh ich  s a t i s f y  t h e  c o n d i t i o n  o f  b reak ing  t h e  f o r m a l  s e r i e s .
I n  case such a  c o n d i t i o n  i s  f u l f i l l e d ,  we g e t  known L ie-Back lund
operators.  The approach we propose g i v e s  a  new method o f  c o n s t r u c -
t i n g  L ie-Back lund symmetr ies.  Con t ra r y  t o  t h e  u s u a l  method, h e r e
the process o f  c a l c u l a t i n g  t h e  coord ina tes  o f  t h e  canon ic  L ie -Back -
lund ope ra to r  i s  d i r e c t e d  n o t  f r om  the  h i ghe r  ( b y  d e r i v a t i v e s )  num,-
bes t o  l o w e r,  b u t  v ice.  ve rsa .  Such an  approach a l l o w s  a l s o  t o  f i n d
out how does i t  happen, t h a t  t h e  groups,  wh ich  a r e  sepa ra te l y  a d -
mi t ted b y  t h e  equat ions  o f  Burgers and Korteweg-de Vr i e s ,  v a n i s h
( w i t h i n  t h e  l i m i t s  o f  t h e  L ie-Back lund t h e o r y )  when we cons ide r
the Burgers-Korteweg-de Vr i e s  equa t ion .  When we go  ove r  t o  t h e  B u r -
gers-Korteweg-de Vr i e s  equa t ion  i t  appeares, t h a t  t h e  cor responding
Lie-Backlund opera to rs  a r e  t ransformed i n t o  t h e  f o r m a l  ones wh ich
d o n ' t  s a t i s f y  t h e  c o n d i t i o n  o f  b reak ing  t h e  f o r m a l  s e r i e s .

With t h e  approximate ( f o r m a l )  symmetries c l o s e l y  connected
are t h e  approximate ( f o r m a l )  Backlund t rans fo rma t ions .  The s t a b i l i
t y  o f  a l l  symmetries o f  t h e  t r a n s f e r  equat ion  i n d i c a t e s  t h e  p o s s i -
b i l i t y  o f  on  approximate t r ans fo rma t i on  ( w i t h  any degree o f  accu-
racy)  O f  an  e v o l u t i o n a r y  equat ion  i n t o  t r a n s f e r  equa t ions .  Such
t rans format ion  i s  executed w i t h  t h e  a i d  o f  t h e  f o r m a l  Backlund
t ransformat ion .  A s  f a r  a s  t h e  t r a n s f e r  equat ion  i s  l i n e a r i z e d  b y
means o f  a  p o i n t  t r a n s f o r m a t i o n ,  a l l  e v o l u t i o n a r y  equat ions  a r e
fo rma l l y  l i n e a r i z e d .
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